Changes in the shape and stress distributions during free bulging in axisymmetrically blow-formed superplastic sheets are analyzed. Generally, the shape is assumed to be spherical and the stress distribution is a function satisfying only boundary conditions without any theoretical bases, because of the nonlinear constitutive equations of superplasticity. An assumed stress distribution function gives a particular pressure distribution on the workpiece. If the pressure distribution is uniform, the function represents a true distribution of stress. Such a function is proposed in this paper and is verified by the analysis without these additional assumptions. With progress in forming, all areas except those in the neighborhood of the periphery approach the equi-biaxial tensile stress state and the entire shape approaches that of a hemisphere.
Introduction
The first stage of the axisymmetric blow forming of superplastic sheets before contact with the die is always simple free bulging. Nevertheless, the analysis is not easy because of a nonlinear constitutive equation that depends on strain rate in superplasticity. Therefore, a spherical surface has been assumed in most reports, and a distribution function of stress or stress ratio has also been assumed in many of them. [1] [2] [3] [4] [5] Although the shapes obtained experientially are visibly spherical, it is not strictly so, which can be verified using equilibrium equations as will be described later. At the center and periphery of the blank, the stress states are equibiaxial tension and plane strain, respectively, but the stress distribution all over the workpiece is unknown. In these studies, the validity of the distribution function was examined by roughly comparing experimental results; however, its theoretical basis was not determined. These assumptions are not necessarily essential, and the uniqueness of a solution is spoiled by using additional assumptions. Although Hu et al. solved this problem using the weighted linear extrapolation, the assumption of a sphere surface still remained in the calculation in the first step. In addition, a considerable amount of calculation would be required despite the use of simple model. 6) Efficient superplastic blow forming without fracture can be realized by controlling the forming pressure. The authors analyzed an optimum loading schedule under which the maximum strain rate in the whole blank was made suitable for superplastic deformation, and they applied this to thickness control. [7] [8] [9] [10] [11] Also in the analysis of the axisymmetrical bulging, these assumptions have been used without theoretical basis. 10) In this study, an axisymmetrical free-bulging process for thin sheets conforming to the constitutive equation
is analyzed without additional assumptions by which the uniqueness of a solution is spoiled. The optimum loading schedule mentioned above and the shape and stress distributions are analyzed using equilibrium equations and compatibility equations. On the other hand, a stress distribution function with a high accuracy is proposed, and thereby, a practical method of analysis for shape, thickness distribution, and so forth is shown.
Analytical Method

Basic concepts
In this section, common matters on analyses with and without stress distribution function are described. The main symbols used in the analyses are shown in Table 1 . The Table 1 Main symbols used in analysis.
N: The number of elements.
(divided equally in radius direction) P: Forming pressure. h: Height of formed dome. i : Inclination angle at boundary i (initial value is 0). i : Stress in meridian direction at boundary i.
i : Stress in circular direction at boundary i.
eqi : Equivalent stress increment at boundary i.
membrane theory is applied by assuming a sufficiently thin blank compared with the diameter (t ( 2r N ), and a vertical section of the blank is described by the curve without thickness. Then, because the stress in the thickness direction is sufficiently small; plane stress is assumed. The balance of forces in the meridian direction and that in the axial direction are shown in Figs. 1 and 2 , respectively, and are described as
The blank is divided equally into small elements of n, and it is assumed that the stress, strain and curvature are uniform in an element. The geometrical location of element i leads to
The relative equations between the location and strain are described as
As a constitutive equation depending on strain rate, the simplest and common one is used.
The plastic instability is not considered, though the distributions of the strain and strain rate are considered. The strain rate is held constant during an incremental time t. Since superplastic deformation is premised, the material is treated as isotropic, and the stress-strain equation by Levy-Mises is applied. From the equi-biaxial tension at the center of the blank and the plane strain at the periphery, the boundary conditions are described as
At the center where the strain rate is maximum, the strain rate is held constant, _ " " eq 0 , during the forming process, and it is an optimum value for superplastic deformation. This is a basic concept for optimizing a loading schedule in blow forming. In eq. (1), t and t can be considered as even functions of r because of the symmetry with respect to the axis, and they have to be smooth at r ¼ 0. Hence, the following boundary condition is added.
An example of the distributions of t and t in the radial direction that satisfies eq. (1) and the boundary conditions, eqs. (6) and (7) is shown in Fig. 3 . The obtained profile is not a perfect spherical surface as stated in the introduction, which is proved as follows: If a spherical surface is assumed, eq. (2) becomes P ¼ 2t , where is uniform, and eq. (1) gives an equi-biaxial stress distribution throughout the entire range of workpiece, which contradicts the boundary condition at the periphery. This corresponds to the case of ¼ 1, which means that the die opening is a point on the sphere.
Analysis without stress distribution function
In this analysis, any additional assumption that spoils the uniqueness of a solution is not used. The outline of the analysis is shown in a flow chart in Fig. 4 . If all information in the present step and the information at boundary i-1 in the next step (after j) are known, the information at boundary i in the next step can be calculated by giving provisional values to three variables, P, i and " i . In these variables, P is common to all the elements or boundaries. The slope of the distribution curve of t at boundary i is calculated using. (1), (6) and (7).
The calculation is repeated by adjusting " i until the slope at boundary i becomes nearly equal to the left side of eq. (1). In the same manner, i is also adjusted to satisfy eq. (2). Through this double loop, the information at boundary i is obtained for a provisional P. This procedure is repeated from i ¼ 1 to N, then P is adjusted to satisfy eq. (7). By multiple repetitions of trial and error, calculation can proceed in one step. In this paper, the details of how to determine the provisional values and the details of distinction conditions and adjustment are omitted.
Analysis with stress distribution function
When a stress distribution function is assumed, the calculated forming pressure may differ from one element to another, although it should be uniform all over the workpiece surface. From another viewpoint, the accuracy of the function can be evaluated from the pressure scattering among the elements. The stress distribution function which maintains a high accuracy through an extensive forming stage, N ¼ 0$90 , is proposed in this chapter. The function shown by the following equation includes an unknown constant, which is determined so that the pressure scattering would be minimum at every step.
The unknown constant in eq. (9) is changed with progress in forming (independent of r), and constants A and B are decided from the boundary conditions. By provisionally determining , a stress distribution to radius r and thickness t at the present step is obtained, and the distribution of incremental strain during incremental time j is obtained using constitutive eq. (5) and the stress-strain equation by Levy-Mises. Then the position and shape at the next step (after Áj) are obtained using eqs. (3) and (4), and the pressure applied to each element boundary is calculated using the equilibrium equation in the axial direction, eq. (2). The pressure scattering is evaluated as ¼ ðP max À P min Þ= " P P Â 100 ð " P P : Mean pressureÞ ð10Þ
and which minimizes is obtained by trial and error. This method using the stress distribution function is far simpler and more rapid than the method described in 2.2 (see Fig. 4 ) because of only one trial and error loop. Based on the results shown in the next chapter, decreases smoothly and monotonically, thus a few trials (<5) are sufficient.
Results
The results analyzed by two methods, which are described in 2.2 and 2.3, are shown together and compared. These analyses were carried out under the following conditions, and the results are represented, for generality, with nondimensional quantities if possible. 
The analyses were carried out for the three different m-values within the range regarded to reveal superplasticity. When a stress distribution function was not assumed, the number of elements was decreased to 100 to shorten the calculation time. Since _ " " eq 0 was held constant as a suitable strain rate in this study, an incremental equivalent strain in the center element, " eq 0 , was adopted as the deformation parameter instead of incremental time j. The components of stress and strain are normalized by eq 0 and Á" eq 0 , respectively. Then, the constitutive eq. (5) becomes Fig. 4 Flowchart for analysis without stress distribution function.
Radius r and thickness t are normalized by r N and t 0 , respectively. By using these nondimensional quantities, eq. (2) can be transformed to
where P Á r N =ðt i eq 0 Þ is a nondimensional quantity, corresponding to pressure P.
In the analysis with the stress distribution function, the exponent, in eq. (9) and the pressure scattering, in eq. (10) change, as shown in Fig. 5 , throughout forming. The degree of forming is represented by an inclination angle at the rim of the blank, N . On calculation using eq. (10), two elements obtained from the center were excluded because eqs. (2) to (4) cannot be calculated with sufficient accuracy for i close to zero. The pressure scattering depends on the strain rate exponent m. It is comparatively larger for m ¼ 0:4 than for others; for m = 0:5 where sufficiently uniform superplastic elongation (in tensile test) can be expected, is within only 2% except for above 80 . This result indicates that the stress distribution function assumed in eq. (9) represents an almost true distribution, at least within the condition in this analysis (constitutive equation and so forth). For N close to 90 , eq. (9) cannot be calculated with good accuracy because both 1 À Br 2 and converge to zero, thus N ¼ 89:5 was substituted for N ¼ 90 in the following distribution diagrams of stress and thickness. Figure 6 shows stress distributions in the radial direction for m ¼ 0:5 at the first step (just after the start of deformation). Since there is a sufficiently small pressure scattering ( < 2%), the results calculated with the stress distribution function in eq. (9), shown by a solid line, coincide with the results calculated without the function, shown by a broken line. Figure 7 shows the stress distributions calculated with the function for m ¼ 0:5 at several forming stages. In this figure, the profile length from the center is assigned instead of radius r to the abscissa. If radius r was assigned, distinguishing curves from curves would be difficult at an inclination angle at the periphery N close to 90
. This is closely related to the fact that converges to zero as N approaches 90 , as shown in Fig. 5 . When N ¼ 89: 5 , t in eq. (9) becomes uniform except for the neighborhood of the fixed edge (rim), thus the curvature also becomes uniform using eq. (2) . In other words, the profile becomes an almost perfect circular arc. Figure 8 shows the sectional shape including the vertical axis and the thickness distribution for each m-value at the (8)) to minimize (eq. (9)) throughout optimized forming. , because of the boundary condition of plane strain at r ¼ r N . The sectional shape changes slightly with m-value, and the shape are almost parallel to the circular arc represented by a chain line. The thickness difference between the center and the rim becomes smaller with an increase in m-value. Figure 9 shows the changes in pressure P and dome height h in the optimum pressurizing schedule for m ¼ 0:5 with a change in equivalent strain at the center, " eq 0 , while Fig. 10 shows a similar figure with a change in inclination angle at the rim, N . The horizontal axis in Fig. 9 can be transposed to time j, since the equivalent strain rate _ " " eq 0 is constant. In  Fig. 10 , the optimum forming pressure reaches a maximum at about 60 , then decreases. The broken lines in these figures show the results of analysis without the stress distribution function; converged solutions have been obtained only up to N ¼ $ 30 (see Fig. 10 ), but they almost coincide perfectly with those with the stress distribution function (solid lines). The stress distribution function, on the other hand, ensures a nearly perfect solution in the entire deformation range under assumed conditions ( ¼ k _ " " m , the theory of membrane, and so forth), provided that the pressure scattering shown in Fig. 5 is sufficiently small.
Conclusions
The free-bulging deformation process in axisymmetrically blow-formed superplastic sheets with a constitutive equation that depends on strain rate, ¼ k _ " " m , was analyzed without additional assumptions by which the uniqueness of a solution is spoiled. A stress distribution function with an accuracy ensured theoretically by a nearly perfect coincidence with the solution of the above analysis was proposed, and a practical simple and rapid method of analysis with this function was shown. An optimum pressurizing schedule under which the maximum strain rate at the center in the entire blank is made suitable for superplastic deformation was analyzed. The stress distribution, thickness distribution, sectional shape, and so forth under the optimum pressurizing schedule were shown for various m-values. In regard to a sectional shape, which has been typically assumed as a circular arc, the following matters were theoretically clarified: The misfit of the analyzed shape from a true circular arc is the largest at the start of the deformation. Then, the shape gradually approaches to it with progress in forming. When the inclination angle at the rim N approaches 90 , the sectional shape becomes an almost true circular arc except in the neighborhood of the rim. 
